Abstract-In this correspondence, we propose a fractional bilinear transform used in analog-to-digital (A/D) conversion. This transfer function is derived by means of fractional delay filters. According to this transformation, first-order differentiator can be easily designed. Next, some design examples are illustrated to show the linear frequency mapping property when doing A/D conversion. Finally, the designed low-order digital differentiator is compared with the existing differentiators.
I. INTRODUCTION
When designing a digital filter, impulse invariance, step invariance, and bilinear transform [1] are commonly used to perform analog-to-digital conversion. The bilinear transform is the most extensively adopted transformation when an analog filter frequency response is known. In dealing with a digital low-pass filter design, when an analog Butterworth filter [1] is transformed to a digital one using the bilinear transform, the transition band of the resulting filter will become narrower and sharper.
Digital differentiator is widely used in electrocardiogram processing, edge detection in image processing, and the velocity and acceleration in radar systems. Recently, there are several design methods such as rectangular-trapezoidal differentiator [4] , wideband differentiator [5] , designed for linear phase low-pass case [7] , and finite-impulse-response (FIR) differentiator using fractional delay filter [8] . Most of these differentiators fit the ideal differentiator well in the low and middle frequency but have larger magnitude distortion in the high-frequency range.
Alternatively, fractional delay filter have been a common device in synchronization of digital receivers, incommensurate sampling rate conversion, speech processing, analog-to-digital (A/D) conversion, and sound synthesis of musical instruments. Methods for designing digital fractional delay are presented in [2] , [3] , and [9] - [11] . The approximation of fractional delay filter can be assorted into two categories. One is FIR filter, which has better group-delay response; the other is the infinite-impulse-response (IIR) filter, which has good magnitude approximation since it is an all-pass filter indeed. Here, we will propose new A/D transforms for digital filter design based on fractional delay filters.
In this correspondence, we first present an ideal mathematical model which has satisfactory linear property in Section II. The fractional delay filter is applied to implement the ideal model in Section III, and some examples and problems are illustrated and discussed. In Section IV, a first-order differentiator designed from the fractional bilinear transform is compared with the existing differentiators. Finally, conclusions are made.
II. MOTIVATION
In analog-to-digital design, the bilinear transform is a transformation between the variables s and z, which maps j axis in the s-plane to the unit circle in the z-plane. It is a nonlinear tangent curve transformation (1) since the range 01 1 in the continuous frequency-domain maps onto 0 ! in the discrete-frequency domain. Fig. 1 shows the ideal s = j! and the magnitude response of (1) F (e j!T ) = j!:
The proof is completed.
The above fact means that the transfer function in (2) has linear magnitude response if small number d approaches zero. Besides, the left-half s-plane is also mapped into the interior of the unit circle in the z-plane. It is similar to the bilinear transform with z 01 replaced by z 0d , which will change the period of frequency from 2 into 2=d.
However, we can not implement (2) because the term z 0d is not an integer delay. It is not possible to be realized in practice. In the following section, two design methods can approximate this fractional delay. One is the FIR approximation; the other is the IIR all-pass filter approximation.
III. FRACTIONAL BILINEAR TRANSFORM
In this section, we introduce FIR and IIR fractional delay filter to design F (z) in (2). Some simulation results and problems are illustrated and discussed. The design details are described below.
A. Lagrange FIR Fractional Delay Filter Case
Lagrange interpolation method for approximating a fractional delay z 0(I+d) [2] , [11] is used as the following:
where the impulse response h(n) is calculated by
It is clear that we have the three parameters, I, d, and N , to tune the frequency response of fractional bilinear transform where I is the integer part of the delay filter, d is the fractional part of the delay filter, 0 < d < 1, and N is the order of the FIR filter. Substituting (5) and (6) into (2), we have 
Here, we show a first-order design example when the parameters are chosen as I = 0, d = 0:1, and N = 1 where N controls the maximally flat range of the fractional group delay and I ' N=2. Substituting into (5), (6) and (7), the resulting functions become (8) and (9), where we simplified the fractional delay to integer delay approximation. Fig. 2 shows the magnitude response of the designed fractional bilinear transform (8) compared with ordinary bilinear transform and the ideal j! line. Note that the multiplier in (8) is 21, which is slightly different from 20 (2/0.1) since the realization has little bias from the theoretical value so we tuned the multiplier to minimize the absolute magnitude error. We can see that the line is no longer linear around 0:5 in Fig. 2 and does not go to infinity as conventional bilinear transform. 
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The next design example shows better performance. Parameters are chosen as I = 1, d = 0:7, and N = 2, and thus it is a second-order example. Fig. 3 shows the magnitude response of the designed fractional bilinear transform (10) compared with ordinary bilinear transform and the ideal j! line. The Lagrange approximation of z 01:7 is given in (11) . It is clear that the magnitude response fits ideal j! well except ! 0:9. Similarly, the multiplier in (10) is 3.0572 instead of 2.8571 (2/0.7) since we tuned the multiplier to minimize the absolute magnitude error. Consequently, when doing analog-to-digital conversion, bilinear transform has large frequency warping effect. That is, because the magnitude response of bilinear transform goes to infinity, the analog frequency approaching 1 mapped onto digital frequency during A/D conversion. Therefore, the high-frequency region in analog domain is severely compressed, distorted, and hard to control the mapping property. However, performing A/D conversion by this proposed second-order fractional bilinear transform has much better linear mapping. It is important that F 1 (z) in (8) is stable but F 2 (z) in (10) has one unstable pole. Hence, the filter F (z) in (7) may be unstable for any integer I and fractional number d. We can use an all-pass filter to reflect the unstable pole inside the unit circle, then the final filter is stable.
Some applications of the proposed transformation are presented.
The analog first-order differentiator is s = j!, and then we do bilinear transform and fractional bilinear transform, resulting (1) and (10) respectively. Equation (10) is multiplied by an all-pass filter Fig. 4 shows the designed results. Similar to first-order design example, the analog second-order differentiator, s 2 = (j!) 2 , is transformed by the bilinear transform and F (z) in (7). We obtain the same result either using two cascade first-order approach or direct second-order approach in F (z) with parameters I = 1, d = 0:7, and N = 2 (for low complexity). After stabilization process, the resulting transfer functions are depicted in (13) and (14), and the magnitude responses are shown in Fig. 7 represents the fifth-order analog Butterworth low-pass filter. By doing bilinear transform and the proposed transform (10), respectively, we can see the shape of the solid line is more similar and close to analog LPF than the dashed-dotted line. Because bilinear transform will compress the frequency axis, the transition band is sharper, but this frequency mapping is distorted. That is why linear transform is demanded.
In summary, the proposed transform may have other useful applications when linear frequency mapping is concerned and may have better linear property than (10) but the higher order numerator and denominator are needed.
B. Thiran IIR All-Pass Fractional Delay Filter Case
The maximally flat group delay all-pass filter for approximating a fractional delay z 0(I+d) [2] , [10] is used as (17), where the parameters a(n) are calculated as in (18). Similar to FIR design methodology, (2) can be implemented as (19) where the fractional delay filter z 0(I+d) is replaced by an IIR all-pass filter (17). Substituting (17) and (18) Consider ! = in (19). If N 2 odd, then z 0(I+d) in (17) We can see why Fig. 8 becomes zero at ! = . There are a total of four cases described in Table I .
Consequently, implementation of (2) using an IIR fractional delay filter tends toward either zero or infinity at ! = . The above example can be used to design a first-order digital differentiator by A/D conversion from first-order analog differentiator with frequency response s and then use a similar approach in (12) to make all poles inside the unit circle by multiplying an all-pass filter. The magnitude response of the resulting low-pass differentiator is the same as the solid line in Fig. 8 . However, the design order is 16 in both numerator and denominator since the parameter of the all-pass fractional delay filter is chosen as N = 15 and I = 1. The absolute magnitude error in the low-frequency region is smaller than (12), but the disadvantage is higher implementation complexity. As a result, it is interesting to tune the parameters to optimize the Thiran-case fractional bilinear transform with small N . 
IV. COMPARISON WITH SOME EXISTING DIFFERENTIATORS
In this section, we compare the digital differentiator (12) designed from fractional bilinear transform with the rectangular-trapezoidal differentiator proposed by Al-Alaoui (21) [4] and the wideband differentiator proposed by Ngo (22) [5] . Magnitude responses and absolute magnitude errors are shown in Figs. 9 and 10, respectively. It is clear that the solid line in Fig. 10 has a much smaller error in range 0:7 ! 0:9 than the others and is similar to the dashed line in range 0 ! 0:5. In addition, the absolute error function is defined in (23), which is the integral of the absolute magnitude error. Thus, substituting the proposed differentiator (12), (21), and (22) into D(e j! ), yields 0.0740, 0.1872, and 0.1165, respectively. Hence, the proposed differentiator (12) outperforms (21) and (22) in magnitude error sense. Note that the implementation complexity are second-order, first-order, and third-order, respectively. On the other hand, the comparison of phase response is described in Fig. 11 In this correspondence, we propose a novel approach to design fractional bilinear transform (also first-order digital differentiator) by using Lagrange fractional delay filter. Conventional bilinear transform may bring huge distortion in high frequency range and compress the analog frequency axis, resulting nonlinear effects in some A/D conversions. Our approach can help and keep the linearity properties remained while performing ADC. This fractional sample delay method is also very 
